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In this paper,we study the interval topology on effect algebras, and prove that effect algebra
operation on Hilbert space effect algebra E(H) is not jointly continuous under the interval
topology.
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1. Introduction
Quantum effects play an important role in quantum measurement theory (see [1–9]). In the Hilbert space model of
quantum mechanics, effects are represented by positive operators on a complex Hilbert space H that are bounded above
by the identity operator I (throughout this paper, H will always denote a complex Hilbert space). We denote by E(H)
the set of quantum effects on a Hilbert space H . The subset P (H) of E(H) consisting of all orthogonal projections on H
corresponds to sharp yes–no measurements, while a general effect may be unsharp (fuzzy). Under the usual partial order
of self-adjoint operators on H , we know that P (H) is a lattice, in fact, it is an orthomodular lattice, called the subspace
lattice, and is widely studied by mathematicians and physicists. However, E(H) is not a lattice under the usual order. But
we can organize the set of all quantum effects into a mathematical structure called effect algebra, which has recently been
introduced for foundational studies in quantum mechanics [10–18].
In this paper, we shall study the interval topology on Hilbert space effect algebra and projection lattice effect algebra.
2. Elements of effect algebras
Definition 2.1. An effect algebra is a partial algebra (E;⊕, 0, 1), where 0, 1 are constants and⊕ is a partial binary operation
satisfying the following:
(E1) (Commutative law) If a⊕ b is defined, then b⊕ a is also defined, and a⊕ b = b⊕ a.
(E2) (Associative law) (a⊕ b)⊕ c = a⊕ (b⊕ c) if one side is defined.
(E3) (Orthosupplementation law) For each a ∈ E there exists a unique b ∈ E such that a⊕ b = 1. In this case, denote b as a′.
(E4) (Zero-Unit law) If 1⊕ a is defined, then a = 0.
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Let E be an effect algebra. If a, b ∈ E and a ⊕ b is defined, then we say that a and b are orthogonal, denoted by a⊥b. If
a ⊕ b = 1, then we say that b is the Orthosupplementation of a, and we write b = a′. We write a ≤ b if there exists c ∈ E
such that a⊕ c is defined and a⊕ c = b. In the following, E will always mean an effect algebra. For more details about effect
algebra, see [17] and references therein.
Now we are going to give two examples of effect algebras, which are the most important two effect algebras.
Example 2.2. LetH be a complex Hilbert space and let E(H) denote the set of quantum effects onH , i.e.,
E(H) = {A ∈ B(H) : 0 ≤ A ≤ I},
whereB(H) denotes the set of all bounded linear operators onH and I is the identity operator. For A, B ∈ E(H), we define
A ⊥ B if A+B ∈ E(H) and in this case define A⊕B = A+B. Roughly speaking, A⊕B corresponds to a parallel combination of
the two effects. Then (E(H), 0, I,⊕) is an effect algebra, called theHilbert space effect algebra, for properties of Hilbert space
effect algebra see [3,6,10,19] and references therein. The set of sharp elements of E(H) are exactly the setP (H) consisting
of all projection operators onH .
Example 2.3. Another important example of effect algebra isP (H), the lattice of all closed projections. The set of sharp effects
(i.e., orthogonal projections) corresponds to the set of quantum events and forms an effect algebra, it is also a lattice, called
a subspace projection lattice. For A, B ∈ P (H), define A⊥B iff A + B ≤ I iff AB = 0, and in this case define A⊕ B = A + B.
Then P (H) becomes an effect algebra, called the projection lattice effect algebra, for properties of projection lattice space
effect algebra, see [3,6,10] and references therein.
3. Interval topology on effect algebras
In this section, we will study topologies on Hilbert space effect algebra and projection lattice effect algebra.
We say that an effect algebra E is a topological effect algebra if it is equipped with a topology τ under which the effect
algebraical operations of⊕ and⊖ are continuous (τ need not be Hausdorff).
A family of closed sets F in a topological space E with the property that each closed subset of E is an intersection of
members ofF , is called a basis of closed sets. A sub-basis of closed sets is a family S of closed sets such that each set of some
basis is the union of finite sets of S. Hence each closed set is an intersection of finite unions of sets of S.
An important topology on effect algebra is the interval topology, which was defined by taking the all closed intervals
[a, b] as a sub-basis of closed sets of E. Throughout this paper, we denote by T the interval topology on effect algebra.
When a topology on an effect algebra has been defined, one is often interested in the continuity of the effect algebra
operation⊕ under the corresponding topology.
Qu et al. proved the following result about the continuity of the effect algebra operation.
Lemma 3.1 ([20]). Let (E,⊕, 0, 1) be a lattice effect algebra and {aα}α∈Λ ⊂ E be a net.
(i) If b′ ≥ aα for all α ∈ Λ and {aα}α∈Λ converges to a with respect to the interval topology, then {aα ⊕ b} converges to a⊕ b
with respect to the interval topology.
(ii) If b ≤ aα for all α ∈ Λ and {aα} converges to a with respect to the interval topology, then {aα ⊖ b} converges to a⊖ b with
respect to the interval topology.
(iii) If b ≥ aα for all α ∈ Λ and {aα} converges to a with respect to the interval topology, then {b⊖ aα} converges to b⊖ a with
respect to the interval topology.
Note that the above result only deals with the separate continuity of effect algebra operation under the interval topology,
thus a natural question arises: Is the effect algebra operation⊕ jointly continuous under the interval topology? In this paper,
we shall answer this question in the negative. This seems to be very strange and quite different from previous results.
Lemma 3.2. On E(H), all subsets of the form {X ∈ E(H) : X 
 T } or {X ∈ E(H) : T 
 X}, constitute a sub-basis of T , where
T ∈ E(H).
Proof. By definition, the collectionA := {[A, B]c : A, B ∈ E(H)} is a sub-basis of T , where [A, B]c = E(H) \ [A, B]. Denote
B := {[0, T ]c : T ∈ E(H)} ∪ {[T , I]c : T ∈ E(H)}. For each T ∈ E(H), it is obvious that [0, T ]c, [T , I]c ∈ A, thusB ⊂ A.
On the other hand, given A, B ∈ E(H), [A, B]c = [A, I]c ∪ [0, B]c . This means that each set inA is the union of two sets
inB. Therefore we conclude thatB is also a sub-basis of T on E(H). 
Let X be a topological space associated with topology τ . Given a net {fλ}λ∈Λ of maps on X , we let fλ τ−→ f denote that
{fλ}λ∈Λ converges to f (a map on X) in the topology τ .
Remark 3.3. Let A ∈ E(H) and {Aα}α∈Λ be a net in E(H). Then it follows from Lemma 3.2 that Aα T−→ A if and only if,
given X ∈ E(H), (1) A ≰ X implies that an α0 exists such that Aα ≰ X for all α ≥ α0, and (2) A ≱ X implies that an α0 exists
such that Aα ≱ X for all α ≥ α0.
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For each T ∈ E(H), since [0, T ] and [T , I] are both closed in the interval topology T , the following result is clear.
Lemma 3.4. Let {Aα}α∈Λ be a net in E(H) and A, T ∈ E(H). Assume that Aα T−→ A.
(i) If Aα ≤ T for all α, then A ≤ T .
(ii) If T ≤ Aα for all α, then T ≤ A.
Proposition 3.5. Let {Aα}α∈Λ be a net in E(H) and A, B ∈ E(H). If Aα T−→ A and Aα + B is well defined for all α, then A+ B
is well defined and Aα + B T−→ A+ B.
Proof. For each α, since Aα+B ≤ I , we have Aα ≤ I−B. By Lemma 3.4, it follows that A ≤ I−B, that is, A+B ≤ I . Thus A+B
is well defined. Arbitrarily choose a T ∈ E(H) with A+ B 
 T . We shall prove that an α0 ∈ Λ exists such that Aα + B 
 T
for all α ≥ α0. Otherwise, we can choose a sub-net {AF(β)}β∈Λ1 such that AF(β) + B ≤ T , i.e., AF(β) ≤ T − B for all β ∈ Λ1.
Since [0, T −B] is closed under T and AF(β) T−→ A, we have A ≤ T −B, that is, A+B ≤ T , a contradiction. Applying a similar
argument, one can prove that if T 
 A+ B, then an α0 ∈ Λ exists such that T 
 Aα + B for all α ≥ α0. In view of Remark 3.3,
we conclude that Aα + B T−→ A+ B. 
Corollary 3.6. Let {Aα}α∈Λ be a net in E(H) and A, T ∈ E(H). If Aα ≤ T for all α ∈ Λ and Aα T−→ A, then T − Aα T−→ T − A.
Proof. By Lemma 3.4, it is obvious that A ≤ T . Arbitrarily choose an X ∈ E(H).
Case 1. T − A 
 X .
We shall prove that an α0 ∈ Λ exists such that T − Aα 
 X for all α ≥ α0. Otherwise, we can choose a sub-net
{AF(β)}β∈Λ1 such that T − AF(β) ≤ X , i.e., T ≤ AF(β) + X for all β ∈ Λ1. Since AF(β) T−→ A, it follows from Proposition 3.5
that AF(β) + X T−→ A+ X . By Lemma 3.4, we have T ≤ A+ X , that is, T − A ≤ X , a contradiction.
Case 2. X 
 T − A.
We shall prove that an α0 ∈ Λ exists such that X 
 T − Aα for all α ≥ α0. Otherwise, we can choose a sub-net
{AF(β)}β∈Λ1 such that X ≤ T − AF(β), i.e., AF(β) + X ≤ T for all β ∈ Λ1. Since AF(β) T−→ A, it follows from Proposition 3.5
that AF(β) + X T−→ A+ X . By Lemma 3.4, we have A+ X ≤ T , that is, X ≤ T − A, a contradiction.
Thus, by Remark 3.3, we have proved that T − Aα T−→ T − A. 
Corollary 3.7. Let {Aα}α∈Λ be a net in E(H) and A, T ∈ E(H). If T ≤ Aα for all α ∈ Λ and Aα T−→ A, then Aα − T T−→ A− T .
Proof. By Lemma 3.4, it is obvious that T ≤ A. Arbitrarily choose an X ∈ E(H).
Case 1. A− T 
 X .
We shall prove that an α0 ∈ Λ exists such that Aα−T 
 X for all α ≥ α0. Otherwise, we can choose a sub-net {AF(β)}β∈Λ1
such that AF(β) − T ≤ X , i.e., AF(β) ≤ T + X for all β ∈ Λ1. Since AF(β) T−→ A, it follows from Lemma 3.4 that A ≤ T + X ,
that is, A− T ≤ X , a contradiction.
Case 2. X 
 A− T .
We shall prove that an α0 ∈ Λ exists such that X 
 Aα−T for all α ≥ α0. Otherwise, we can choose a sub-net {AF(β)}β∈Λ1
such that X ≤ AF(β)− T , i.e., T +X ≤ AF(β) for all β ∈ Λ1. Since AF(β) T−→ A, it follows from Lemma 3.4, we have T +X ≤ A,
that is, X ≤ T − A, a contradiction.
Thus, by Remark 3.3, we have proved that Aα − T T−→ A− T . 
Example 3.8. Let H be a complex separable infinite dimensional Hilbert space and assume that {en}n∈N is an orthogonal
normalized basis (onb for short) ofH . For each n ∈ N, set
Pn =

cos2
1
n
sin
1
n
· cos 1
n
0 · · ·
sin
1
n
· cos 1
n
sin2
1
n
0 · · ·
0 0 0 · · ·
...
...
...
. . .

e1
e2
e3
...
, P =

1 0 0 · · ·
0 0 0 · · ·
0 0 0 · · ·
...
...
...
. . .

e1
e2
e3
...
.
Then it is obvious that P, Pn ∈ P (H) ⊂ E(H) for all n ∈ N, Pn ‖·‖−→ P ∈ P (H) and hence Pn T−→ P . Arbitrarily choose a
Q ∈ E(H) of the form of
Q =

a b 0 · · ·
b c 0 · · ·
0 0 0 · · ·
...
...
...
. . .

e1
e2
e3
...
=
[
Q 0
0 0
]
M
M⊥,
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where a, c ≥ 0, b ∈ C with ac − |b|2 ≥ 0,M is the subspace of H spanned by e1, e2. Since Q ∈ E(H), it is obvious that
‖Q‖ ≤ 1. We claim that Pn T−→ Q .
In fact, if Pn 9 Q under the interval topology of E(H), then there exist a closed interval [S1, S2] ⊆ E(H) and a
subsequence {nk}k∈N of N such that Q ∉ [S1, S2] and S1 ≤ Pnk ≤ S2 for all k ∈ N. Since ‖Pnk − P‖ → 0, we obtain
S1 ≤ P ≤ S2. Thus S1 and S2 can be represented as
S1 =

r1 0 0 · · ·
0 0 0 · · ·
0 0 0 · · ·
...
...
...
. . .

e1
e2
e3
...
, S2 =

1 0 0 · · ·
0 r2 ∗ · · ·
0 ∗ ∗ · · ·
...
...
...
. . .

e1
e2
e3
...
where 0 ≤ r1, r2 ≤ 1. Since S1 ≤ Pn1 ≤ S2, we have
[
r1 0
0 0
]
≤
 cos
2 1
n1
sin
1
n1
· cos 1
n1
sin
1
n1
· cos 1
n1
sin2
1
n1
 ≤ [1 00 r2
]
.
It follows immediately that
cos2
1
n1
− r1

· sin2 1
n1
≥ sin2 1
n1
· cos2 1
n1
,
sin2
1
n1
·

r2 − sin2 1n1

=

1− cos2 1
n1

·

r2 − sin2 1n1

≥ sin2 1
n1
· cos2 1
n1
.
Thus we obtain r1 = 0 and r2 = 1. Therefore
S1 = 0, S2 =

1 0 0 · · ·
0 1 0 · · ·
0 0 ∗ · · ·
...
...
...
. . .

e1
e2
e3
...
and S1 ≤ Q ≤ S2, that is, Q ∈ [S1, S2], a contradiction. Thus we have proved that Pn T−→ Q . This example implies that the
set of all limits of a sequence in E(H) under the interval topology might be very large.
For e, f ∈ H , we define the operator e⊗ f onH as (e⊗ f )(x) = (x, f )e for x ∈ H .
Theorem 3.9. When dimH = ℵ0, the effect algebra operation⊕ on E(H) is not jointly continuous under the interval topology.
Proof. For n ∈ N, set An = Pn and Bn = I−Pn, where Pn is defined as in Example 3.8. For the onb {en} chosen in Example 3.8,
define A = 0 and B = I − e1 ⊗ e1. That is,
B =

0 0 0 · · ·
0 1 0 · · ·
0 0 1 · · ·
...
...
...
. . .

e1
e2
e3
...
.
It can be seen that A, B, A+ B ∈ P (H) ⊂ E(H).
In Example 3.8, we have proved that Pn
T−→ e1 ⊗ e1. Then, by Corollary 3.6,
Bn = I − Pn T−→ I − e1 ⊗ e1 = B.
On the other hand, the convergence An = Pn T−→ 0 = A also holds.
Set G = E(H) \  A+B+I2 , I. Then G is an open set in T and A+ B ∈ G. Note that An + Bn = I ∉ G for all n ∈ N. Thus A+ B
is not the limit of {An + Bn}n∈N under the interval topology. Therefore we conclude that the effect algebra operation ⊕ on
E(H) is not continuous under the interval topology. 
Corollary 3.10. When dimH = ℵ0, the effect algebra operation⊖ on E(H) is not jointly continuous under the interval topology.
Proof. For each n, set An = Pn = Bn, where Pn is defined as in Example 3.8. For the onb {en} chosen in Example 3.8, define
A = e1⊗ e1 and B = 0. Then it can be seen from Example 3.8 that An T−→ A and Bn T−→ B. Set G = E(H) \

0, A+B2

. Then G
is an open set in T and A− B ∈ G. Note that An − Bn = 0 ∉ G for all n ∈ N. Thus A− B is not the limit of {An − Bn}n∈N under
the interval topology. This completes the proof. 
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Corollary 3.11. On P (H), dimH = ℵ0, neither ⊕ nor ⊖ is jointly continuous under the interval topology.
Proof. Note that the A, B and all An, Bn in Theorem 3.9 and Corollary 3.10 are elements inP (H), then they also apply to the
case on P (H). 
Remark 3.12. When dimH = 1, E(H) = {λI : λ ∈ [0, 1]} and P (H) = {0, I}. It is easy to verify that the operations ⊕
and⊖ are jointly continuous under the interval topology T .
When dimH ≥ 2, one can verify that on both E(H) andP (H), neither⊕ nor⊖ is jointly continuous under the interval
topology.
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